In this paper, we examine the existence of traversable wormhole solutions within the Chern-Simons modified gravity. We find a non-trivial solution in the theory with dynamical Chern-Simons coefficient in the absence of matter sources. This result displays a situation opposite to GR where the matter sources violating the energy conditions are required.
symmetric solutions of equations of motion in CS modified gravity was analyzed. In [5] , it was shown that to achieve order-by-order perturbative consistency of the Kerr metric within this theory, it should be modified by the ϑ-dependent terms, and in [6] , the consistency of Gödel-type solutions in this theory was verified, with the causality conditions were analyzed.
Among other interesting gravity solutions, the wormholes are of a special importance. Their key feature consists in the fact that in certain cases they allow for trajectories connecting two causally disconnected points. Another remarkable feature about the wormholes is the possibility of time travel, namely, it is possible for an observer in such geometries to travel faster than light. It is worth pointing out that around each point of this geometry the local Lorentz invariance is fulfilled, but globally this is not hold. It was shown in [7] the procedure how to build a time machine from wormholes. Many interesting results related to wormholes can be found in [7, 8] . However, up to now, the consistency of wormhole solutions within the CS modified gravity never was studied. This is the aim of this paper.
The structure of this work looks like follows. In the section 2, we give a general description of geometry of traversable wormholes. In the section 3, we present a brief review on CS modified gravity. And in the section 4, we verify the consistency of wormholes within the dynamical CS modified gravity and discuss the related energy conditions. Finally, in the section 5 we present our conclusions. In the Appendix A we present an explicit form of components of the Cotton tensor and the energy-momentum tensor of the ϑ field.
II. TRAVERSABLE WORMHOLE GEOMETRIES
Wormholes have initially been introduced by Einstein and Rosen in seminal paper [9] . This wormhole (Einstein-Rosen bridge) has constructed from a particular extension of maximally extended Schwarzschild solution of General Relativity. It covers two asymptotically flat spaces connected by a "bridge" whose spatial section possesses a non-trivial topology. Another important feature is that Einstein-Rosen wormhole presents event horizons, thus an observer traveling along wormhole could not cross it, in other words, it is forbidden traveling from one flat space to the other. However, there must be conditions which prevent the emergence of the event horizons. Such conditions are so-called of traversability conditions and the wormholes that satisfied such conditions are known by traversable wormholes.
In this section we briefly discuss the most important features of the traversable wormholes. Its line element in spherical coordinates, following [10] , is given by
Note that this line element has spherical symmetry and is asymptotically flat. Furthermore, the radial coordinate r is non-monotonic, it may be split into two patches: the first one covers the range where r decreases from +∞ to r 0 , where r 0 (represents the throat of the wormhole) is the minimum of r, and the second one covers the range where r increases from r 0 to +∞. The functions Φ(r) and b(r) stands for the gravitational redshift and shape function of the wormhole, respectively.
In general, both functions must fulfill some requirements (traversability conditions): in order to avoid the presence of horizons it is necessary that e Φ(r) is positive everywhere or, identically, Φ(r) must be finite and essentially real. Concerning the shape function we can show using embedding arguments: it must satisfy the flaring-out condition at the throat, i.e.,
where the prime means derivative with respect r, leads to b ′ (r 0 ) < 1 since b(r 0 ) = r 0 , as a consequence the proper distance will be minimal at the throat [10] .
In GR, such a traversable wormhole geometries requires matter sources violating the null energy condition (NEC), see f.e. [7, 10, 11] . This violation is represented by the inequality
where k µ represents any null vector and T
(m)
µν is the energy-momentum tensor of the matter sources.
Indeed, the NEC is obtained from the famous Raychaudhuri equation whose form for null geodesics looks like
where θ is the expansion, σ µν denotes the shear, ω µν represents the vorticity all them related to the null geodesics congruence defined by the tangent null vector k µ that emerges the traversable wormhole at one side and going out at the other one. As shown in [7, 12] , the vorticity is identically zero for a traversable wormhole. In addition, at the throat the expansion θ is also zero, satisfying the condition dθ dτ ≥ 0, thus Eq. (4) reduces to inequality
implying that null geodesics will defocus so that the null convergence condition [13] does not hold.
By means of the Einstein field equations, the direct consequence of Eq. (5) can be shown to look
therefore, the NEC is either violated or on the imminent of being violated [14] . We note that actually our model represents itself as a gravity coupled to a scalar (either ghost or not). The coupling of the usual general relativity to the scalar matter has been studied in great details in [15] for a non-ghost matter, and in [16] for a ghost matter. As we see further, our theory involves additional non-minimal coupling responsible for the Chern-Simons term. It was argued in [17, 18] that these solutions display a wormhole-like behavior.
III. CHERN-SIMONS MODIFIED GRAVITY
In the current section we present a brief review of the four-dimensional Chern-Simons (CS) modified gravity. Its action can be cast into the form [19, 20] 
where κ = 8πG, ϑ is a (pseudo)-scalar field, α andβ are coupling constants with a non-zero mass 
where ǫ γστ η is the Levi-Civita symbol and * R µ γσ ν is the dual Riemann tensor. In more mathematical language, the Chern-Pontryagin term in Eq. (7) can be rewritten as a second order polynomial of the two-form curvature, T r(R ∧ R) [21] , such a quantity is proportional to the well-known second
Chern class which, in turn, is related to Chern-Simons form Ω by means of a total derivative [22] ,
where Ω = T r ω ∧ dω + 2 3 ω ∧ ω ∧ ω and ω is one-form connection. In a more physical notation, the former equation
where Γ λ νσ represents the Levi-Civita connection coefficients, and
is the topological current. Therefore, by integrating by parts the second term in
Eq. (7) we get
where v µ = ∂ µ ϑ. When the ϑ becomes a constant, the modified theory reduces to the usual General Relativity.
The modified field equations are obtained varying to the action with respect to the metric and scalar field. Doing this, we arrive at:
µν ;
where
The energymomentum tensor is defined as follows: first, the
describes the energy-momentum tensor of the matter sources and
represents the energy-momentum tensor of the contributions of ϑ. Finally, the variation of the second term in Eq. (7) with respect to the metric gives rise to the Cotton tensor C µν explicitly written as
The theory may be considered within two approaches depending on β coupling, namely: the first one is for non-dynamical framework (non-dynamical CS, NCS theory) that implies β = 0 so that the kinetic term is ruled out, the second one is for the dynamical framework (dynamical CS, DCS theory), in this case β = 0 involves the non-zero kinetic term.
IV. TRAVERSABLE WORMHOLES IN CS MODIFIED GRAVITY A. Vacuum solution
In this section we examine the possibility of the existence of traversable wormhole vacuum solutions both in non-dynamical and dynamical frameworks.
To study the equations of motion in our theory, for convenience, we will use the Cartan formalism. Within its methodology, for the traversable wormhole manifolds given by (1) we can define a local Lorentz (orthonormal) co-frame such that
where ds 2 = η AB θ A θ B , with η AB = diag(−1, +1, +1, +1) being the Minkowski metric. It was shown in [1] that in the Schwarzschild case one has * RR = 0, and in [20] , the same result was
shown to hold for all spherically symmetric geometries. Taking into account this result, the field equations in the co-frame (16) , in the absence of matter, take the form
where we have used natural units, κ = 1. The Ricci tensor and the Einstein tensor in the co-frame (16) are diagonal. Furthermore, for the sake of simplicity, we will take Φ ′ = 0 which leads to a constant redshift function (zero tidal force); such a condition avoids possible higher derivative terms, as well as other complications in the field equations. Carrying out these simplifications, we have
The non-vanishing components of C AB and T (ϑ)
AB are described in Appendix A.
B. Non-Dynamical framework
This case is covered by taking β = 0 in the field equations implying that T
(ϑ)
AB is ruled out. Hence, the Eqs. (17, 18) reduce to
Note that the former equation decouples for spherically symmetric metrics as shown in [4] , namely, it can be rewritten as follows
where the first equation is identical to the vacuum Einstein equation.
As a result of Birkhoff theorem, the field equations (22) do not describe wormholes. Hence, we conclude that the CS modified gravity in the absence of matter, in non-dynamical framework, does not support wormhole-like geometries independently of the CS field form.
C. Dynamical framework
Differently from the non-dynamical case, the dynamical framework (β = 0) is a more rich approach because the CS field is treated as a dynamical one. As a consequence, the field equations may dramatically change allowing wormhole vacuum solutions in contrast to NCS theory. In fact, it is reasonable to expect that, because in this case, the energy-momentum tensor of usual matter is zero, but the dynamics of CS scalar field adds up a new contribution to the right-hand side of usual Einstein equations, so, the space-time now possesses an extra amount of energy (scalar hair).
Before proceeding with the components of Eq. (17) represents the Killing vector ∂ t due to the fact that Eq. (1) is static while so(3) is associated to other three Killing vectors with one of them being ∂ φ , implying rotational symmetry. Adding all this to the fact of linearity of (17), we conclude that it can be solved through separation of variables. As shown in [27] , the invariant (maximally symmetric) solutions of Eq. (18) have the form ϑ = ϑ(x l )e γx j , where j labels the coordinates of the symmetries of (1), and l labels other coordinates.
In particular, as the CS coefficient is a real pseudo-scalar field, it can be written as
Substituting it in Klein-Gordon equation, we get
where the prime stands for derivative with respect to r and l(l + 1) is the separation constant (l = 0, 1, 2...). The Eq. (24) is nothing more as the well known associated Legendre equation whose solutions are given by associated Legendre polynomials. On the other hand, the latter equation imposes the relation between A(r) and b(r).
Returning to the modified field equations (17), we may simplify the solution that comes from Klein-Gordon equation. For this, one must note that the off-diagonal field equations decouple, and, then, the field equations reduce to a set of partial differential equations (PDEs) which must be solved for non-trivial ϑ. Accordingly, we have
It is clear that wormhole solutions in DCS theory are also solutions in GR by requiring the vanishing of Eq. (27) for some non-trivial ϑ satisfying the other equations, (26) and (28) . Now, we shall solve the system of PDEs (27) . As a first step, let us substitute the CS coefficient of the form (23) into the non-vanishing components of this system, explicitly discriminated in Appendix A. We get that the non-trivial solutions must fulfill the followings requirements: first, the separation constant should be zero (l = 0). As a consequence one has m = 0 as well, second, ω = 0. As a result of that, it arrives that the only solution of Eq. (24) is dY (θ) dθ = 0. Therefore, the field equations themselves force the CS coefficient to take the form ϑ(t, r, θ, φ) = A(r) leading to the vanishing of all the components of Cotton tensor and non-diagonal components of T (ϑ) AB . We may exactly solve the radial equation that reduces to
whose solution can be expressed in terms of the shape function, namely,
where γ is an integration constant whose dimension is length cubed. The gradient of A(r) is actually the vector v µ defined in previous section. Notice that v A = 0 , γ r 2 , 0, 0 , evaluated in Lorentz coframe (16) , represents a space-like vector with a preferred direction on space-time. Therefore, there is a preferred local Lorentz-frame where v A takes a non-zero value. It is interesting to note the fact that v A does not depends on b(r).
Following this procedure, remains us to solve the diagonal components of the modified field equations. Note that the CS field in the form (30) gives rise to simplest non-trivial components of energy-momentum tensor of CS field, obtained in the co-frame (16) in which they do not depend on b(r):
In addition, the CS field in the form (30) leads to the vanishing Cotton tensor.
Inserting them in the modified field equations, we have a solution that leads to a specific form for the shape function,
explicitly depending upon γ and β parameters. In particular, the shape function given by Eq. (32) only obeys the flaring-out condition when β is strictly negative. However, such a choice on β leads to the wrong-sign kinetic term in the action (7) so that the energy of the theory is not bounded from below, in other words, perturbations around the vacuum expectation value are unstable.
Effectively, our manner to introduce the dynamics of the Chern-Simons coefficient ϑ provides a ghost-like dynamics for it (for discussion of different issues related to ghosts, see f.e. [23] ). Also, we note that the use of the exotic matter is necessary for existence of wormholes and other noncausal solutions, see f.e. [7, 10] . Nevertheless, we should emphasize that the ϑ is not a common matter field but an ingredient of the CS modified gravity, so, this theory itself contains the possibility of wormhole solutions, even in a vacuum, since there is no common matter contributions in (27) . In order to meet the minimum distance condition at the throat, it is necessary which r 2 0 = −
It just putting the above equation into Eq. (30) one finds an explicit form of CS field, namely,
So, our main result consists in a possibility to find the shape function b(r) from the known CS coefficient ϑ(r), or vice versa.
It is worth calling attention that the arctan 
where the modulus has been used to ensure the symmetry under transformation x → −x. Note that the minimal value of |x| corresponds to Eq. (36) evaluated at the throat, x(r 0 ) = 0. This transformation is convenient because it introduces a monotonic variable (one chart) covering the whole wormhole instead of two charts. All the aforementioned features are displayed in Figs. (1,2) as well as the global behavior of x and ϑ(r).
The energy-momentum tensor of CS field given by Eq. (31) may be reinterpreted through its splitting into two parts: the first contribution, T
AB , is identical to a dust-like contribution with negative energy density, thus violating the null energy condition (which is not unusual since the wormhole solutions require exotic matter, see f.e. [7] ), while the second contribution, T (e) AB has a form analogous to a source-free circularly symmetric electric or magnetic field, where the explicit
AB is given by [29] . Thus, we can relate the radius of the throat r 0 with an effective electric charge q through the expression r 2 0 = q 2 8π ; this charge arises from a flux due to a non-trivial topology of our background. Explicitly, we have 
So, the CS field in the presence of the background metric (1) behaves as a combination of the dustlike matter violating the energy conditions and a free electric charge (as expected such a behavior is identical to that one in GR, see [30] ). Such a interpretation arises due to the non-trivial topology of (1); in [31] , this mechanism is referred as charge without charge.
D. Non-null redshift
As argued in [20] , the condition * RR = 0 does not necessarily imply in vanishing of the Cotton tensor, for an explicit example see [6] . Having this in mind, a natural generalization of the metric (1) is the case characterized by a non-constant redshift, g 00 = const. Our aim in this subsection is to inspect the influence of the non-constant redshift on the Cotton tensor. For this purpose, let us use a more general wormhole metric, see f.e. [32] ,
where A(x), B(x) and r(x) are functions of the arbitrary radial coordinate x. Similarly to Eq.(1), the metric 40 must satisfy some extra conditions for describing a traversable wormhole geometry, namely, r(x) has a global minimum at a point x = x 0 , as mentioned in the Section 1 such a point is referred by throat, further A(x) must be positive definite in order to prevent event horizons around the throat. For sake of simplicity, but without loss of generality, it is natural to make the gauge choice, A(x) = B(x).
We shall take a similar ansatz to (23) for the CS field, i.e., ϑ(t, x, θ, φ) = U (x)Y (θ). The non-vanishing components of the Einstein, Cotton and energy-momentum tensor in the coordinate basis are explicitly displayed in Appendix B. Thus, the field equations again decouple and take the form
By subtracting the 2, 2 and 3, 3 components of Eq. (41) we get
imposing the constraint that non-trivial solutions have the form ϑ(t, x, θ, φ) = U (x) culminating in the cancellation of the Cotton tensor and off-diagonal components of T (ϑ) µ ν . Briefly, we have shown in both cases: with and without constant redshift, that the field equations naturally decouple for wormhole-like geometries (1,40) . The non-trivial solutions require that the CS field has an exclusive dependence on the radial coordinate. On the other hand, such a requirement leads to the vanishing of Cotton tensor. We conclude that even starting from DCS theory, the field equations reduce to GR and scalar field ones, and our results are in accordance with those ones suggested in [4] for the dynamical framework.
V. SUMMARY
We verified the conditions of persistence of wormhole-like vacuum solutions within CS modified gravity. The vacuum solutions in non-dynamical framework are identical to GR ones. Therefore, wormhole geometries are not vacuum solutions of NCS theory.
Unlike non-dynamical framework, we have shown that wormhole vacuum solutions are allowed in dynamical framework. We realized that the off-diagonal modified field equations in local Lorentz frame lead to a non-trivial setup for CS field ϑ, satisfying its evolution equation. Such a field configuration implies in vanishing of the Cotton tensor as well as the off-diagonal energy-momentum tensor of ϑ.
We found the CS field setup allowing for the wormhole solution. Besides, the flaring-out condition presumes β to be essentially negative, as a consequence the kinetic energy associated to the scalar field has a wrong sign, thus it behaves like a ghost field. It turns out to be that this field may be seen like a combination of ghost-like dust and electromagnetic field, moreover, the non-trivial properties of the wormhole geometry lead us to a topological charge associated to the throat of the wormhole. This solution setup reduces to the same as GR plus scalar field, as it can be expected because the Cotton tensor disappears, whilst the diagonal components of energy-momentum tensor of ϑ continue to be non-zero.
By considering non-zero tidal force we have arrived at the same conclusions as in the case of zero redshift, i.e., the modified field equations for DCS theory in vacuum always will reduce to GR and scalar field ones, independently of the redshift function. The exotic character of the CS field is nevertheless natural -indeed, it is well known that noncausal solutions like wormholes, Alcubierre warp drive etc., require exotic matter, see f.e. [7] . The natural generalization of this study could consist in considering a generic situation where a Cotton tensor does not vanish. We plan to carry out this generalization in a forthcoming paper.
VI. APPENDIX A. NON-VANISHING COMPONENTS OF THE COTTON AND ENERGY-MOMENTUM TENSORS
In this appendix we write the non-zero components of the Cotton and energy-momentum tensor.
For this calculus, we used the GRtensor program. Accordingly, for the Cotton tensor we get 
